Ultra cold atomic condensate with long range interaction is considered as a possible candidate to realize the supersolid phase. Such a supersolid phase can be subjected to artificial gauge field created either through rotation or by introducing space dependent coupling among hyperfine states of the atoms using Raman lasers. We construct a Gross-Pitaevskii hydrodynamic theory to describe the low energy long wavelength excitations of such rotating supersolid of weakly interacting ultra cold atoms for generic type of long range interaction. We treat the supersolid within the framework of well known two fluid approximation. We consider such system in the fast rotation limit where a vortex lattice in superfluid coexists with the supersolid lattice and analytically obtain the dispersion relations of collective excitations around this equilibrium state. The dispersion relation suggests a mode splitting due to the existence of two lattices which can be experimentally measured within the current technology. We point out that this can clearly identify such a ultra cold atomic supersolid phase. 67.80.bd 1 arXiv:1308.1592v1 [cond-mat.quant-gas]
Given that the issue of observing supersolidity experimentally in solid 4 He [1, 2] was now settled conclusively by showing that there is no supersolidity in such system [3] , the counter-intuitive co-existence of superfluidity and crystalline order [4] [5] [6] [7] [8] still remains an open question inspite of lots of progress in this direction [9] . In this context, an alternative route to observe supersolidity in much more controllable and conspiciuous way in certain species of ultra cold atomic condensate with long range interaction that can have roton-instability in their excitation spectrum [10] [11] [12] , assumes additional importance. Significant experimental [13] [14] [15] [16] [17] as well as theoretical [18] [19] [20] [21] [22] progress took place in realizing such systems. In recent experiments such roton like mode softening has been demonstrated through cavity mediated long-range interaction in ultra cold atomic BEC [23] and a self organized supersolid phase has also been experimentally observed [24] in Dicke quantum phase transition where the long-range interaction is again generated by a two-photon process in cavity.
In this letter we show that one way of unambiguously identifying such ultra cold supersolid phase is to study its response to an artificial gauge field created through rotation or by other means [25] [26] [27] . Study of the critical velocity of nucleation of vortices in a rotating dipoleblockaded ultracold supersolid condensate [28] as well as vortex lattice phases in a fast rotating Rydberg dressed Bose-Einstein condesnate within Gross-Pitaevskii approach [29] showing the existence of vortex lattices in supersolid, were carried out recently. In this work we show that the collective excitation spectrum of vortex lattice phase in a fast rotating ultra cold atomic supersolid have important difference with the collective excitation of the Abrikosov vortex lattice phase in ultra cold atomic superfluid [30] [31] [32] [33] [34] [35] [36] [37] . This is manifested through a mode splitiing due to the coexistence of vortex and supersolid lattieces which we analytically calculate. Experimental detection of the same can provide a conclusive test of supersolidity.
We construct a hydrodynamic theory of collective excitations of vortex lattice state in ultra cold atomic supersolid. We analytically obtain the dispersion of such excitations in the low energy long wavelength limit. To this purpose we start with a Gross-Pitaevskii mean field description of ultra cold atomic Bose Einstein condensate at T = 0 with suitable long range interaction [11, 20] , rotated about the z-axis with a frequency Ω. At a sufficiently large interacion strength and fast enough rotational frequency Ω, the ground state of the system is a vortex lattice phase of the supersolid as shown by a recent numerical study [29] .
We are interested in low energy excitations of such system which has wavelength much larger than the lattice parameters of the vortex lattice or the supersolid lattice.
In terms of the complex superfluid order parameter ψ(r, t) = n(r, t)e iΦ(r,t) , the mean
, where E is the Gross Piteavskii energy functional, in the co-rotating frame. E is related with the non rotating energy functional E R through the expression E R = E − Ω · (r × p). Following [38, 39] we describe this system in Landau two fluid approximation where the lattice associated with periodic modulation of the superfluid density in a supersolid can be treated as the normal component.
We first introduce the lattice vectors u ss (r, t) and u v (r, t) to denote the co-ordinates of the supersolid lattice and the vortex lattice respectively. In a ordinary superfluid the average superfluid density ρ = effects of the lattice (u ss (r, t)) which adds to the superfluid density yielding
with ρ as the number density of the system (for details refer to [40] ). For simplicity, we neglect the interaction between the supersolid and vortex lattice and assume them to be independent of each other. Thus, the lattice vectors u ss (r, t) and u v (r, t) as well as the average density ρ can be varied independently and density n(r, t) and phase φ(r, t) associated with the mean field order paramter ψ(r, t) is now a functional of three field variables, namely
To construct a long wavelength description of the system we use the homogenization technique [38, 39] in which one separates the density and the phase in fast varying and slow varying components and the fast varying component is integrated out. This finally gives us the effective Lagrangian as
where
The details of the derivation is given in [40] . Since we describe a rapidly rotating condensate, the shallow effective trapping + m ∇φ · ∇u ss , giving rise to a kinetic energy term corresponding to mass density of supersolid lattice in E ph (φ). The vortex lattice can also have an associated vortex lattice effective mass which is not taken into account in the present set of calculations (for details see [40] . To include the elastic properties of the supersolid and vortex lattice we use free energy of the deformed crystal [41] such that the strain energy ik = 1 2
λ iklm is a tensor of rank four which relates the strains to the stresses and called as the elastic modulus tensor. Extremization of the above Lagrangian (details in [40] ) gives the hydrodynamic equations for a rotating supersolid with an embedded vortex lattice and provides the theoretical framework of this letter. They are
Eq. (4) 
. Eq. (7) gives elastic response of the isotropic supersolid crystal lattice. Here λ ss,v = K ss,v − given by ( detailed derivations in [42] )
and,
In eq. (9), c sm is the modified sound velocity, namely c + 2Ω
which in the long wavelength limit leads to the dispersion
where the velocities of the longitudinal and the shear modes are given by c . Eq. (14) describes the dispersion of a rotating supersolid is one of the main results in this work. We first show that it reproduces correct limiting behavior. Dispersion relation [11, 38] of a non rotating supersolid can be obtained from (14) by setting the condition that
for Ω = 0 and there is no vortex lattice. This gives
along with a decoupled shear mode through (12) , reproduces the known result for modes for a non-rotating supersolid as calculated in [11, 38] . We plots these modes in Fig. 1(a) .
For low q values, our analytical results also qualitatively agree with the appearance of two [43] derived from a microscopic model using quantum monte carlo.
Results for rotating superfluid with a vortex lattice can also be obtained from (14) wherē ρ → ρ ss and c sm → c s in the absence of any normal component (for details see [42] ). In this limit the dispersion relation is given by
2 s q 2 = 0 (see [42] ). If we take the equilibrium state as a hexagonal isotropic lattice of vortices following standard literature [32] [33] [34] 36] and assume that the shear mode velocity is much smaller than the other mode velocities, the corresponding mode frequencies are given as ( Fig. 1(b) )
. This agrees with the earlier results [34, 36] where C 1 and C 2 are given as
We shall now analyse the roots of the dispersion equation (14) for a rotating supersolid.
Even though the general nature of solutions of such cubic (in terms of ω 2 ) equations are quite involved, the above dispersion relation gets simplified when the velocity associated with the shear mode of the vortex lattice is smaller compared to the other mode velocities. This criterion is generally met for the rotating ultra cold atomic superfluid [34, 35] and therefore it is reasonable to assume a similar of ultra cold atomic supersolid as well. In the current case such a condition reads as (c
This means that the last term in (14) can be neglected to get a quadratic equation of the 
The above two modes along with the decoupled transverse shear mode in (12) which is given by ω (15) is the inertial mode of the rotating supersolid. For Ω << c km q it is a sound wave while for Ω >> c km q the mode frequency begins essentially at 2Ω. In the second mode (16) all the three velocities, the supersolid lattice velocity, the superfluid velocity and the vortex lattice velocity gets coupled. All three modes have been plotted in the Fig. 2 .
To understand the significance of the mode frequencies, we can rewrite the first collective mode frequency (15) ω This is a symmetric combination of the modes corresponding to the vortex lattice and the supersolid lattice. In the limit of fast rotation and small wave vector, the second mode (16) 
To understand this mode, we set the simplifying assumtion (c
to fast rotation and small q and hence can be dropped. This sets ω
ss ), revealing the antisymmetric coupling between the vortex and the supersolid lattice through this mode (for details see [42] ). For a more realistic situation one can readily calculate the modification of this expression by including neglected terms. The normal modes frequencies ω 1 and ω 2 can therefore be interpretated as symmetric and antisymmetric combination of modes corresponding to vortex lattice and supersolid lattice and indicates in and out of phase oscillations of two coupled harmonic lattices. This happens even for the lowest order hydrodynamic Lagrangian (2) where there is no direct coupling between two lattice dispacements, u ss and u v . We depict this in and out of phase oscillation of these two lattices schematically through Fig. 2(b) .
The general nature of our results suggests its applicability well beyond the hydrodynamic approximations and other simplifying assumptions made to arrive this. We hope this can be tested with more detailed numerical investigations with specific microscopic models in future.
This may also shed light on supersolidity in other systems such as rotating neutron star [44] .
The same experimental techniques [30] used to study the collective oscillation of vortex lattices in rapidly rotating superfluid may be used here. Namely one need to perturb the system to induce a deformation in the co-existing supersolid and vortex lattice for the case of rotating supersolid. Same can be done for a non rotating supersolid. The oscillations of these lattices under these perturbations can be observed using the TOF expansion technique and the information about the mode splitting can be extracted from the same. This will provide an unambiguous confirmation of supersolidity in such ultra cold condensates.
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